Abstract. This paper is concerned with pseudodifferential calculus on manifolds with fibred corners. Following work of Connes, Monthubert, Skandalis and Androulidakis, we associate to every manifold with fibred corners a longitudinally smooth groupoid which algebraic and differential structure is explicitely described. This groupoid has a natural geometric meaning as a holonomy groupoid of singular foliation, it is a singular leaf space in the sense of Androulidakis and Skandalis. We then show that the associated compactly supported pseudodifferential calculus coincides with Mazzeo and Melrose's φ-calculus and we introduce an extended algebra of smoothing operators that is shown to be stable under holomorphic functional calculus. This result allows the interpretation of φ-calculus as the pseudodifferential calculus associated with the holonomy groupoid of the singular foliation defined by the manifold with fibred corners. It is a key step to set the index theory of those singular manifolds in the noncommutative geometry framework.
Introduction
In order to generalize the Atiyah-Patodi-Singer index theorem, Melrose introduced in [Mel93] a pseudodifferential calculus on manifolds with boundary and manifolds with corners : the b-calculus. Melrose and Mazzeo then analyzed the case of fibred boundaries and introduced φ-calculus to extend the theorem to families of operators [MM98] . Moreover the study initiated by Thom [Tho69] and Mather [Mat70] of pseudo-stratified manifolds and the existence of a desingularization process ( [Ver84] , [BHS91] ) show that any pseudo-stratified manifold is a quotient space of a manifold with fibred corners ( [DL09] , [DLR11] ). Those results motivate the need to understand pseudodifferential calculus on manifolds with fibred corners.
The aim of this paper is to set the index theory of those singular manifolds in the noncommutative geometry framework. In particular we want to obtain the analogue of the leaf space of a foliation for those spaces. Ehresmann, Haefliger [Hae84] and Wilkelnkemper [Win83] introduced groupoids to model the leaf space of a regular foliation. Pradines and Bigonnet [BP85] , Debord [Deb01] , Androulidakis and Skandalis [AS06] studied the case of singular foliations. Among others they have contributed to realizing the idea that groupoids are natural substitutes to singular spaces.
Following fundamental work by Connes [Con79, Con82, Con94] , it also appears that groupoids are key objects to understand pseudodifferential calculus and Ktheory groups which are the receptacles of the index. Pseudodifferential calculus on Lie groupoids has been defined independently by Monthubert-Pierrot [MP97] and by Nistor, Weinstein and Xu [NWX99] . Androulidakis and Skandalis proposed a general framework to deal with singular foliations [AS09] . Some particular groupoid models for manifolds with corners and conic manifolds were proposed by Monthubert [Mon03] and Debord-Lescure-Nistor [DLN06] . Monthubert showed in [Mon03] that to every manifold with corners X could be associated a longitudinally smooth groupoid Γ(X) whose pseudodifferential calculus Ψ ∞ (Γ(X)) coincides with Melrose's b-calculus. This original result gave new proofs for the study of b-calculus.
In this article we show that such a construction exists for φ-calculus by associating to every manifold with fibred boundary, then to every manifold with fibred corners a longitudinally smooth groupoid Γ φ (X). We then show that the associated compactly supported pseudodifferential calculus coincides with Mazzeo and Melrose's φ-calculus and we introduce an extended algebra of smoothing operators that is shown to be stable under holomorphic functional calculus. Finally we show that the groupoid we built has a natural geometric meaning as a holonomy groupoid of singular foliation, it is an explicit example of a singular leaf space in the sense of Androulidakis and Skandalis [AS06] . This result allows the interpretation of φ-calculus as the pseudodifferential calculus associated with the holonomy groupoid of the singular foliation defined by the manifold with fibred corners. The reward of this conceptual approach is a simplified exposition of φ-calculus definition and properties, as well as a new geometric interpretation as a holonomy groupoid. Those results are based on the PhD thesis of the author (see [Gui12] ).
The paper is organized in 5 sections. In the first section we recall classical material on groupoids, their associated pseudodifferential calculus and normal cone deformations. These are crucial notions to set the index theory of manifolds with fibred corners in the noncommutative geometry framework.
In the second section we introduce some definitions related to manifolds with corners and manifolds with embedded fibred corners : following Monthubert the latter are embedded in smooth manifolds endowed with a transverse family of fibred submanifolds of codimension 1 : we call such a structure a fibred decoupage.
In the third section we define the groupoid associated to a fibred decoupage in two steps:
• we construct a "puff groupoid" G V F for any foliated codimension 1 submanifold (V, F ) of the manifold M. This groupoid is described as a gluing between the holonomy groupoid of M \ V and a deformation groupoid D ϕ = D ϕ ⋊ R * + :
D ϕ is the normal cone deformation of the groupoid immersion H ol(F ) → V × V .
• the groupoid of a fibred decoupage is given by the fibered product of the puff groupoids G V F i for each face.
We can then define the groupoid Γ φ (X) of a manifold with fibred corners X as the restriction of the groupoid of a decoupage in which X is embedded. One recovers the groupoid of b-calculus by Monthubert in the special case of a trivial fibration. The section ends with the proof of amenability and longitudinal smoothness of the groupoid Γ φ (X).
Pseudodifferential calculus on manifolds with fibred corners is studied in the fourth section. To any manifold with fibred corners X we associate a pseudodifferential calculus with compact support Ψ
Preliminaries on Lie groupoids
The elements of index theory recalled hereafter mainly come from work by Connes [Con79] , Monthubert-Pierrot [MP97] et Nistor-Weinstein-Xu [NWX99] . The nice exposition in [CR07] is used as a guideline.
1.1. Lie groupoids -Algebroids.
1.1.1. Groupoids. Definition 1.1. A groupoid is a small category in which all morphisms are invertible. It is composed of a set of objects (or units) G (0) and a set of arrows G with two source and target applications s, r : G → G (0) and a composition law m : G (2) → G associative on the set of composable arrows
It is also assumed there exists a unit map u :
Finally by denoting m(γ, η) = γ · η, every element γ of G satisfy the relations
A Lie groupoid is a groupoid for which G and G (0) are smooth manifolds, all maps above are smooth and s, r are submersions.
It is classicaly denoted
1.1.2. Algebroids. 
Every Lie groupoid G defines a Lie algebroid A G by the normal bundle of the inclusion G (0) ⊂ G . Sections of A G are in a bijective correspondance with vector fields on G which are s-vertical and right-invariant, it therefore induces a Lie algebra structure on Γ(A G ). Remark 1.3. Every Lie algebroid defines a foliation by the image of its anchor map p(C ∞ c (M, A)). In particular every Lie groupoid defines a foliation.
) the induced operator, the following G -invariance condition is verified:
Operators can act more generally on sections of a vector bundle E → G (0) . The exact condition of differentiability is defined in [NWX99] . Only uniformly supported operators will be considered here, let us briefly recall this notion. Let P = (P x , x ∈ G (0) ) be a G -operator and denote k x the Schwartz kernel of P x . The support and reduced support of P are defined by
We say that P is uniformly supported if supp µ P is compact in G .
In the following we denote Ψ m c (G , E) the space of G -pseudodifferential operators uniformly supported. We denote also
Remark 1.4. The reduced support condition is justified by the fact that Ψ −∞ c (G , E) is identified with C ∞ c (G , End(E)) using the Schwartz kernel theorem ( [NWX99] ).
The definition above is equivalent to that of [Mon03] , definition 1.1, where the space of pseudodifferential kernels on a longitudinally smooth groupoid G is defined as the space
2 ) of distributional sections K on G with values in halfdensities Ω 1 2 which are smooth outside G (0) and given by oscillatory integral in a neighborhood of G (0) :
where a is a polyhomogeneous symbol of any order with values in Ω 1 2 . The notion of principal symbol extends easily to Ψ ∞ c (G , E). Denote by π :
such that the morphism defined over each fiber is homogeneous of degree m. The existence of invariant connections allows the definition of exponentiation on the Lie algebroid A * G and provides a section σ m (P ) of End(π * E, π * F ) over A * G which satisfies
x G modulo the space of symbols of order m − 1. Terms of order m of σ m (P ) are invariant under a different choice of connection and the equation above induces a unique surjective linear map
, proposition 2) where S m (A * G , End(E, F )) denotes the sections of the fiber End(π * E, π * F ) over A * G homogeneous of degree m at each fiber.
1.3. Index theory on singular spaces. In the classical case of a compact manifold M without boundary, recall that an elliptic pseudodifferential operator D has a kernel and cokernel of finite dimension. The Fredholm index of D is the integer:
This index is stable for any compact perturbation of D and its value only depends on topological data. In the 60's Atiyah and Singer introduced fundamental constructions in K-theory which allowed the understanding of the application D → ind D through the group morphism
called the analytical index of M.
More precisely, if Ell(M ) denotes the set of pseudodifferential operators on M, we have the following commutative diagram:
is the surjective application which maps an operator to the class of its principal symbol in K 0 (T * M ). Atiyah and Singer then defined a topological index ind t : K 0 (T * M ) → Z with characteristic K-theoretical properties, showed that a unique morphism can check those properties and that the analytical index do satisfy them. The identity of the analytic and topological index is the celebrated Atiyah-Singer theorem [AS63, AS68a, AS68b] .
In the case of singular spaces such as the space of leaves of a regular foliation, orbifolds or manifolds with corners, similar constructions can be obtained by introducing groupoids [Con79, CS84] . A groupoid is a small category in which all morphisms are invertible. Groupoids generalize the concepts of spaces, groups and equivalence relations. A groupoid is said to be Lie if the sets involved are smooth manifolds and morphisms are differential maps. A pseudodifferential calculus was developed for Lie groupoids [Con79, MP97, NWX99] and more generally for longitudinally smooth groupoids such as continuous family groupoids [LMN00] .
The analytic index of elliptic operators on these groupoids is a morphism:
* G is the algebroid of the groupoid G and C * r (G ) is the reduced C * -algebra of G which plays the role of the algebra of continuous functions on the singular space represented by G [Ren80] . Indices are thus generally not integers but elements of the K-theory group K 0 (C * r (G )). However in the case of a compact manifold M without boundary they are classical indices as
A fundamental property of the analytic index is that it can be factorized through the principal symbol map, there is a commutative diagram :
. Indeed ind a is the boundary morphism associated with the short exact sequence of
, S * G the sphere bundle of A * G and σ the extension of the principal symbol.
1.4. Normal cone deformation. We recall in this subsection some basic properties of normal cone deformation groupoids, introduced by Hilsum and Skandalis [HS87] . These important objects in noncommutative geometry especially allow the construction of elements in KK-theory and the formulation of index problems (tangent groupoid of Connes [Con94] ). They are central in the description of the groupoid of manifolds with fibred corners. 
More generally, if G 1 and G 2 are two Lie groupoids with respective Lie algebroids AG 1 and AG 2 satisfying AG 1 ⊂ AG 2 , the normal cone deformation groupoid ( [HS87] ) can be defined for the induced immersion ϕ : G 1 → G 2 by :
The groupoid G 1 acts on the normal N = AG 2 /AG 1 by its holonomy component
} is given a composition law by :
* is naturally a Lie groupoid with point composition (γ 1 , t)·(γ 2 , t) = (γ 1 ·γ 2 , t). D ϕ is then the union of the Lie groupoids G 1 × sV N and G 2 × R * .
1.4.2. Differential structure. In the simple case of the canonical inclusion R p ×{0} ⊂ R p ×R q = R n , where q = n−p, the normal cone deformation D n p is the set R p ×R q ×R with the C ∞ structure induced by the bijection Θ :
In the local case of an open set U ⊂ R n and a submanifold
which is an open set of R p × R q × R and therefore a smooth manifold. In the general case of manifolds suppose M of dimension n and N of dimension p. The differential structure on D 
Then the map ϕ = Θ −1 •φ obtained as the composition
The global differential structure of D M N is then described by the following proposition :
A change of atlas is described by the following result (see [CR07] 
Manifolds with fibred corners
2.1. Manifolds with corners. A manifold with corners X is a topological space where any point p has a neighbourhood diffeomorphic to R k + × R n−k , with 0 as image of p. k is called the codimension of p. The connected components of the set of points with codimension k are called open faces of codimension k. Their closure are the faces of X. A face of codimension 1 is called an hyperface of X. The boundary of X is denoted by ∂X, it is the union of faces with codimension k > 0.
Manifolds with embedded corners.
Manifolds with embedded corners have been studied by Melrose to understand and extend Atiyah-Patodi-Singer index theorem (see [Mel93] ). An equivalent description in terms of decoupages has been proposed by Monthubert in [Mon03] . The two definitions are recalled below (section 2.6 for the definition with decoupages).
Definition 2.1 (Manifold with embedded corners, [Mel93] ). A manifold with embedded corners X is a manifold with corners endowed with a subalgebra C ∞ (X) satisfying the following conditions:
· there exists a manifoldX and a map j : X →X such that
· there exists a finite family of functions ρ i ∈ C ∞ (X) such that
· for any J ⊂ I and any point ofX where the (ρ j ) j∈J simultaneously vanish, the differentials dρ j are independent.
The functions ρ i are called defining functions of the hyperfaces.
Remark 2.2. Manifolds with embedded corners are manifolds with corners : the number of functions ρ j which vanish at a point p determine the codimension of p since the ρ j , which are independent, can be used as local coordinates and induce a diffeomorphism from a neighbourhood of p to some R
Remark 2.3. A definition function ρ of an hyperface F induces a trivialization of the normal bundle on its interior F • .
Examples 2.4. The edge, the square, cubes of dimension n are manifolds with embedded corners. The simplex Σ n = {(t 0 , . . . , t n ) ∈ R n+1 + , t 0 + · · · + t n = 1} is a manifold with embedded corners. The drop with one corner is not a manifold with embedded corners, contrary to the drop with two corners. 
is an hyperface of the manifold with corners Y j . Moreover there exists a surjective submersion φ ji :
· the hyperfaces of Y j are exactly the Y ji with F i < F j . In particular if F i is minimal Y i is a manifold without boundary.
We call manifold with iterated fibred corners a manifold with embedded corners endowed with an iterated fibred structure.
Decoupages.
We recall the definition of a decoupage which is a useful notion to associate to any manifold with embedded corner a "puff" Lie groupoid [Mon03] . Generalizing this approach we then introduce an original definition of fibred decoupage suited to the case of fibrations and allowing the direct construction of a puff groupoid for manifolds with fibred corners [Gui12] . Before let us recall a few facts about transversality.
Definition 2.5. Let X 1 , . . . , X n be a family of smooth manifolds and for each i let φ i :
Under this condition the fibered product of the X i over Y is a smooth submanifold of 1≤i≤n X i .
A family of submanifolds will be called transverse if the inclusions of these manifolds are transverse; a smooth map is said to be transverse if it is transverse to the inclusion of this submanifold. Definition 2.7 (Manifold with embedded corners). A manifold with embedded corners X is the positive part of an oriented decoupage (M, (V i ) i∈I ). X is the positive part of this decoupage and (M, (V i ) i∈I ) is said to be an extension of X.
Definition 2.8 (Fibred decoupage, [Gui12] 2.3). A fibred decoupage is given by a decoupage (M, (V i ) i∈I ) and a family of fibrations φ i :
2.5. Manifolds with fibred corners.
Definition 2.9 ([Gui12] 2.4). Let X be a manifold with embedded corners and (M, (V i ) i∈I ) an extension of X. We call X a manifolds with fibred corners if there exists a family of fibrations φ i :
Example 2.10. A family of disjoint fibred submanifolds of codimension 1 is always transverse. In particular manifolds with fibred boundaries, the objects of Melrose's φ-calculus, are manifolds with fibred corners.
Example 2.11. X = R 3 + . Let M = R 3 , π x , π y and π z be the projections on the canonical basis,
Example 2.12. Same notations as previous example but with φ
is not a fibred decoupage.
Example 2.13. The example 2.11 is a fibred decoupage but is not a iterated fibred structure. Indeed
Remark 2.14. The definition used for manifolds with fibred corners ensures longitudinal smoothness of the puff groupoid (see Proposition 3.10). The results of this chapter can therefore be applied to fibrations coming from other structures than iterated fibred structures, since any fibred decoupage does not necessarily come from an iterated fibred structures (eg 2.13). However, it is perfectly possible to limit the study to the category of iterated fibred decoupages, ie the decoupages which fibrations satisfy the properties of an iterated structure.
3. The groupoid of manifolds with fibred corners 3.1. The groupoid of a codimension 1 foliated submanifold. In this subsection we construct a "puff groupoid" G V F for any foliated codimension 1 submanifold (V, F ) of a manifold M. This groupoid is described as a gluing between the holonomy groupoid of M \ V and a deformation groupoid
Gluing is preformed through a map Ψ and one has the following commutative diagram
G V F encodes the space of leaves of the singular foliation F M defined by vector fields on M tangent to F on V . This property will be precised in the section devoted to singular foliations : we will show G V F is nothing but the holonomy groupoid Hol(M, F M ) of F M (proposition 5.7).
3.1.1. Notations. Let M be a smooth manifold and V ⊂ M a connected submanifold of codimension 1 transversally oriented. V is supposed to be foliated by a regular foliation F defined by an integrable vector subspace
. Let denote N = T V /T F and suppose M is given a connexion w which restriction to V provides a decomposition of the tangent bundle T V = T F ⊕ N .
Let (N, π, V ) be a tubular neighbourhood of V in M : N is an open set of M including V, π : N → V a vector bundle with R type fibre. Let {f i :
Definition. Let G 1 be the holonomy groupoid [Con82, Con94] associated with F and ϕ : G 1 → V × V the immersion induced by the inclusion T F ⊂ T V . The normal cone deformation groupoid of ϕ is denoted D ϕ .
D ϕ induces on its space of units V ×R a singular foliation F adp defined by F ×{0} and T V × {t} for t = 0 resulting from the integration of the partial adiabatic Lie algebroid A adp described in ([Deb01], Example 4.5):
But the foliation F M defined by the transversally oriented faces V i of a manifold with fibred corners has a singular transverse structure of the form
For that purpose we introduce the deformation groupoid D ϕ obtained by the transverse action of R * + on D ϕ explicitely given by :
The orbits of D ϕ = D ϕ ⋊ R * + then coincide with the foliation F M . An expression of the manifold D ϕ as a set is :
To keep notations simple we denoteŝ(γ) andr(γ) the corresponding elements.
The composition law on D ϕ is then the product of the law composition on D ϕ as a normal cone groupoid and the law on H = R ⋊ R * + where R * + acts on R by multiplication. If g 1 = (γ 1 , λ 1 , t 1 ) and g 2 = (γ 2 , λ 2 , t 2 ) are two elements of D ϕ such thatŝ(γ 2 ) =r(γ 1 ) and s H (λ 2 , t 2 ) = r H (λ 1 , t 1 ), we have :
3.1.3. The puff groupoid G V F . We are ready to define the gluing function Ψ. Let A ⊂ D ϕ be the restriction of D ϕ to the product component V ×V ×R * + ×R * and set
Now consider the maps Ψ ij :
The A 
V being connected, the image of Ψ is thus in the union of the connected components of (M \ V )
2 , that is to say in Hol(M \ V ). G V F is then defined as a topological space by the gluing of D ϕ and Hol(M \ V ) by the map Ψ:
and one has the following commutative diagram :
Let
Topology on D ϕ is generated (see section 1.4.2) by the open sets Θ •φ ij (Ω 
• is thus open as a composition of the open maps f i × f j and s ϕ × r ϕ .
Therefore
otherwise is an open map and an atlas A = {(Ω
LetB be an atlas of the smooth manifold M
• × M • and let B = {(Ω β , ϕ β )} be the induced atlas on the manifold Hol(M \ V ).
The differential structure on G V F is obtained as the product structure of M • × M
• and the differential structure induced by the family (φ ij ). More precisely we have the following proposition : Proposition 3.1. A ∪ B is a smooth atlas on G V F .
Demonstration. Let (Ω, ϕ) be a chart of B. We must prove that any chart of A meeting Ω is compatible with ϕ. Let i and j be such that Ω j i ∩ Ω = ∅ and define
It is immediate to see that
is a diffeomorphism on its image. It implies that Φ ij is a C ∞ clutching function and the compatibility of A and B follows. 
} is endowed with a composition law :
and the canonical product law on M
Source and target maps of G V F are defined on N FV and its complementary by:
and r : r(γ, ξ, λ) = r 1 (γ) r(x, y) = y
The groupoid structure of G V F can be easily reformulated on the deformation groupoid D ϕ . In fact D ϕ endowed with its composition law 6 is a Lie groupoid isomorphic to a neighbourhood of N F in G V F . More precisely, let i D be the inclusion of D ϕ in G V F given by the gluing Ψ. Then :
We observe that i D can be written under the form :
Let g 1 = (γ 1 , λ 1 , t 1 ) and g 2 = (γ 2 , λ 2 , t 2 ) be two elements of
One computes :
for any composable elements of D ϕ and i D is indeed a Lie groupoid morphism.
3.1.6. The case of fibrations. Assume the foliation F of V is a fibration φ : V → Y . The immersion ϕ : G 1 → G V is then an embedding with G 1 = V × Y V and G V = V × V . The holonomy of a fibration is trivial and G 1 trivially acts on N by:
Moreover for a local trivialization also trivializing the fibration φ : V → Y , N can be identified as the pushout of T Y . The puff groupoid is then locally described as a set by:
The two limit cases of a coarse fibration Y = {pt} and a ponctual fibration Y = V correspond to the geometric situations of b-calculus and 0-calculus. The normal cone deformations D ϕ are then respectively isomorphic to the product groupoid V × V and to the adiabatic groupoid of V. The puff of the coarse fibration is the groupoid described in [Mon03] and [NWX99] . The definition of G V F as a holonomy groupoid Hol(M, F M ) of the foliation F M (proposition 5.7) gives those groupoids a geometric meaning independent of any particular construction. 
3.2.
The groupoid of manifolds with fibred corners. The groupoid of a fibred decoupage is given by the fibered product of the puff groupoids G V F i for each face. The groupoid Γ φ (X) of a manifold with fibred corners X is then defined as the restriction of the groupoid of a decoupage in which X is embedded. One recovers the groupoid of b-calculus by Monthubert in the special case of a trivial fibration. The section ends with the proof of amenability and longitudinal smoothness of the groupoid Γ φ (X).
Definition.
Definition 3.5. Let E φ = (M, (V i , φ i ) i∈I ) be a fibred decoupage. The groupoid of E φ is the fibered product of the puff groupoids G V iφ through the maps s ⊕ r :
Definition 3.6. Let X be a manifold with fibred corners and E φ a fibred decoupage associated with X. The groupoid of X is the restriction to X of the groupoid G E φ , Γ φ (X) = (G E φ ) X X . Remark 3.7. Each V i splits M in two parts according to definition 2.6. Remark 3.8. In the case of a manifold X with a connected fibred boundary φ : ∂X → Y , an expression of the groupoid of X as a set is:
Monthubert-Pierrot [MP97]
and Nistor-Weinstein-Xu [NWX99] showed how to define a pseudodifferential calculus Ψ ∞ c (G ) for any smooth differentiable longitudinally smooth groupoid G . We now prove that G E φ is longitudinally smooth, which directly implies the longitudinal smoothness of Γ φ (X). We can therefore associate to any manifold with fibred corners X a compact support calculus Ψ ∞ c (Γ φ (X)). The properties of this calculus and the link with Melrose's φ-calculus will be studied in the next section.
Proposition 3.9. The groupoid of a fibred decoupage is a Lie groupoid.
2 . Let γ = (γ i ) i∈I be an element of the fibered product G E φ of the G V iφ . Then there exists a subset J of I such that
It is thus enough to show the transversality of the morphisms ϕ
2 , i ∈ J, which are the canonical projections, and φ
2 which are the inclusions. The normal bundles of the latter being trivial, it suffices to consider that i ∈ J. But the canonical projections factorize through the submersion ψ i :
The transversality of the morphisms i i is implied by the definition of a fibred decoupage and the surjectivity of the differentials dψ i then shows that the morphisms ϕ ′ i , i ∈ J, and consequently ϕ i , are transverse.
Thus G E φ is a submanifold of i∈I G V iφ naturally endowed with the composition law induced by the inclusion, it is a Lie groupoid.
Longitudinal smoothness of the groupoid.
Proposition 3.10. The groupoid of a fibred decoupage is longitudinally smooth.
Demonstration. Let x ∈ M and F be the open face including x. Let J ⊂ I such that F is the interior of i∈J V j . The fibre G E x φ of G E φ in x is composed as the fibered product :
G V x iφ|(M\Vi) = ∅ when i ∈ J, as x is an element of i∈J V j . Besides when i ∈ J, G V 
Amenability of the groupoid.
Proposition 3.11. The groupoid of a fibred decoupage is amenable.
Demonstration. Recall (see [Ren80] ) that if G is a groupoid and U an open set of G , then G is amenable if and only if G U and G X\U are amenable. Also a groupoid such that ϕ = s ⊕ r : G → (G (0) ) 2 is surjective and open is amenable if and only if its isotropy subgroups are amenable.
Since then G V φ is amenable: the isotropy of G V φ|M\V = (M \ V ) 2 is trivial and G V φ|V has isotropy groups isomorphic to T y Y × R, which is abelian and thus amenable.
G E φ is therefore also amenable as the fibered product of amenable groupoids.
Pseudodifferential calculus on manifolds with fibred corners
We briefly recall the definition of φ-calculus, a particular pseudodifferential calculus introduced by Mazzeo and Melrose on manifolds with fibred boundaries [MM98] . It is a generalization of the b-calculus, built from a geometric desingularization of the manifold with corner X 2 and the fibrations of its boundaries. We then associate to any manifold with fibred corners X a pseudodifferential calculus with compact support Ψ ∞ c (Γ φ (X)) from the groupoid Γ φ (X) built in section 2 and we show that φ-calculus identifies with the pseudodifferential calculus on this groupoid in the case of manifolds with fibred boundary.
Finally we introduce a Schwartz type algebra S ψ (Γ φ (X)) which allows to define an extended calculus Ψ
. We show that S ψ (Γ φ (X)) is stable under holomorphic functionnal calculus and that the operators of extended φ-calculus are elements of this algebra.
4.1. b-stretched product and b-calculus. Following the work of Hörmander who showed that pseudodifferential calculus on a manifold M is given by Schwartz kernel on M 2 , Melrose defined b-calculus on manifolds with boundary using Schwartz kernels on a space playing the role of M 2 , the "b-stretched product". Let X be a compact smooth manifold with boundary. The b-stretched product of X ( [Mel93] ) is a compact smooth manifold with corners defined by the gluing 
The b-stretched product has three boundary components, lb = {(x, y, −1) ∈ ∂X × X × R} ≃ ∂X × X, rb = {(x, y, 1) ∈ X × ∂X × R} ≃ X × ∂X and S + N .
The diagonal ∆ b = {(x, x, 0) ∈ X × X × R} only intersects the boundary component S + N and this intersection is transverse, which allows a direct definition of operators with Schwartz kernels on X 2 b , the operators of b-calculus (see [Mel93] ). The kernel K of a b-pseudodifferential operator is an element of
2 ) with Taylor series development vanishing on lb ∪ rb (K is a C ∞ function in the neighbourhood of lb ∪ rb as the intersection of lb ∪ rb with ∆ b is empty). The situation for X = R + is illustrated on figure 4.1.
4.2. φ-stretched product and φ-calculus. When the boundary of X is the total space of a fibration φ : ∂X → Y , the construction of φ-calculus not only needs transverse intersection of the diagonal ∆ b with the S + N component but also with the submanifold Φ of S + N defined by This condition is satisfied by introducing the φ-stretched product [MM98] , which is obtained as a gluing
+ is a fibred space which can be made locally trivial under the choice of a definition function ρ of ∂X and a local trivializationφ of φ over ∂X.
Boundary components of the φ-stretched product are lb, rb, S + N φ and sb, the closure of
φ } only intersects the boundary component S + N φ and this intersection is transverse which allows a direct definition of operators with Schwartz kernels on X 2 φ , the operators of φ-calculus (see [MM98] ). The definition is similar to the one of previous paragraph. The kernel K of a φ-pseudodifferential operator is an element of
2 ) with Taylor series development vanishing on lb ∪ rb ∪ sb (K is a C ∞ function in the neighbourhood of lb ∪ rb ∪ sb as the intersection of lb∪rb∪sb with ∆ φ is empty). The situation for X = R + is illustrated on figure 4.2. 4.3.1. Notations. Let X be a manifold with fibred boundary φ : ∂X → Y , p = dim ∂X −dim Y and q = dim Y . Denote ∂X j the connected components of ∂X with induced fibrations φ j : ∂X j → Y j , and E φ = (M, (∂X j , φ j ) j∈J ) the fibred decoupage which positive part defines X and its fibration. As the connected components of ∂X j are disjoint, the puff G E φ of E φ coincides with the union ∪ j∈J G ∂X jφ of the puff groupoids of ∂X j in M . It is given below an explicit C ∞ atlas of G E φ on which the embedding is defined.
and its projection πΘ α : D
Uα
Vα → R q × R over the last two factors. If s and r denote the source and target maps of Γ φ (X) we define i s :
The relation
thus belongs to X 2 φ \ lb ∪ rb ∪ sb as :
. The trivial holonomy of fibrations implies the injectivity of source and target maps of Γ φ (X) and the injectivity of i s restricted to the interior of Γ φ (X). Moreover the fiber in 0 of a deformation D
Vα is diffeomorphic to the set Ω
2 is in bijection with X 2 φ \ lb ∪ rb ∪ sb, the definition of i s as a composition of smooth maps allows to conclude that i s is an embedding of 4.5. Extended pseudodifferential calculus. We define an extended pseudodifferential calculus Ψ ∞ (Γ φ (X)) over the groupoid Γ φ (X) of a manifold with fibred corners :
). The algebra S ψ (Γ φ (X)) of functions with rapid decay built from a length function ψ with polynomial growth (lemma 4.5) is naturally stable under holomorphic functionnal calculus. It includes the regularizing operators of φ-calculus (proposition 4.8) and the extended φ-calcul satisfies the inclusion relation :
4.5.1. Length functions with polynomial growth. 
With such a function ϕ one can define the space
where the half-densities bundle Ω 1 2 is the line bundle over G which fibre for γ ∈ G is the vector space of applications
The space S ϕ (G) of functions with rapid decay over G is defined in ([Mon03], 1.5) as the subspace of S 0 of functions f such that :
S ϕ (G) is the ideal of regularizing operators of the extended pseudodifferential calculus
It is also a subalgebra of C * (G ) stable under holomorphic functionnal calculus ([LMN05], theorem 6).
4.5.2.
Length function for manifolds with fibred corners. Let X be a manifold with embedded and fibred corners defined by a fibred decoupage
Each puff groupoid G V iφ is diffeomorphic through the embedding i s of proposition 4.1 to a closed submanifold of M × M × R qi × R. The positive part of their fibered product over M × M is thus diffeomorphic (through a diffeomorphism i) to a closed submanifold of
Lemma 4.5. ψ : G E φ → R + is a length function with polynomial growth.
Demonstration. On every chart
. Each ψ i is therefore a groupoid morphism and ψ = i∈[1,N ] ψ i is subadditive.
π is proper as X is compact, besides i(
Finally for x ∈ X the local expresion of the ψ i shows that there exists two constants c 1 , c 2 such that for r ≥ 1,
As X is compact it can be covered with a finite number of neighbourhoods which give an inequality on X.
Hence ψ has polyomial growth.
4.5.3. Definition of the extended pseudodifferential calculus. We are now able to define an extended pseudodifferential calculus on manifolds with fibred corners:
Definition 4.6. Let X be a manifold with fibred corners and Γ φ (X) the associated longitudinally smooth groupoid. The extended pseudodifferential calculus on X is the algebra Ψ ∞ (Γ φ (X)) of pseudodifferential operators on Γ φ (X) defined by:
where
is the space of functions with rapid decay with respect to the length function ψ of previous lemma.
S ψ (Γ φ (X)) is the ideal of regularizing operators of the extended pseudodifferential calculus Ψ ∞ (Γ φ (X)).
Remark 4.7. The definition of S ψ (Γ φ (X)) given here is based on the existence of a length function with polynomial growth. In more complex cases of foliated boundary no such functions exist in general, for instance in the case of nonzero entropy foliations. The problem is overcome in section 3.5 of [Gui12] with the definition of a Schwartz algebra S c (Γ φ (X)) valid for any regular foliation of the boundary. For the sake of clearness only the fibration case is developped in this article.
The regularizing operators of φ-calculus are C ∞ kernels on X 2 φ which Taylor series vanish on lb ∪ rb ∪ sb. Melrose shows in proposition 4 of [MM98] that a kernel K(x, x ′ ) which vanishes in Taylor series with respect to the powers of ρ(x),φ(x) is a rapid decay kernel with respect to the variables Y =φ
, that is with respect to πΘ
. Those kernels are thus a fortiori functions with rapid decay with respect to ψ, so that any regularizing operator of φ-calculus defines by restriction to the complementary of lb ∪rb ∪sb a function with rapid decay on Γ φ (X) and Ψ
We get as a corollary the following result:
contains the operators of φ-calculus :
4.5.5. Identification of the boundary restriction with Melrose's normal operator.
Contrary to the case of a smooth manifold without corners, regularizing operators are not necessarly compact. The obstruction to compacity for φ-calculus is described by introducing an indicial algebra I (A, ξ, λ) ∈ Ψ sus(φ) (∂X) and a normal operator N φ : Ψ ∞ φ (X) → Ψ sus(φ) (∂X) with values in a suspended algebra of kernels over ∂X which are invariant under translation and with rapid decay at infinity (see [Mel93] , [MM98] ).
In the case of manifolds with fibred corners, the indicial family I (A, ξ, λ) is defined by Melrose ([MM98] , proposition 5) as the restriction of the kernel to f f (X 2 φ ). The normal operator N φ of Melrose thus coincides with the operator ∂ of restriction to the boundary of the groupoid Γ φ (X). The translation invariance of the indicial family seen as an element of ∂S ψ (Γ φ (X)) is nothing but the invariance under T Y ×R of a family of operators on
4.6. Total ellipticity and Fredholm index. Let Ψ 0 (Γ φ (X)) be the norm closure of Ψ 0 c (Γ φ (X)) in the multiplier algebra of C * r (Γ φ (X)). Let recall that the symbol map σ induces the exact sequence:
and that the analytic index ind a :
) takes values in the K-theory of the C * -algebra of the groupoid Γ φ (X). The analytic index is thus not a Fredholm index in general, its values are not elements of Z. To get a Fredholm operator it is necessary to introduce additionnal conditions, classical ellipticity (the property of a symbol to be invertible) not being sufficient.
The condition of total ellipticity is derived very naturally from the groupoid approach. Indeed ∂Γ φ = (Γ φ (X)) ∂X ∂X is a closed saturated set of Γ φ (X) and the following diagram is commutative:
shows that σ ⊕ ∂ factorizes through the map σ τ :
Definition 4.9 ([Gui12], 4.6). An operator P ∈ Ψ 0 (Γ φ (X)) will be called totally elliptic when the element σ τ (P ) is inversible.
The map σ τ induces from the previous diagram the exact sequence :
Therefore an element in Ψ 0 (Γ φ (X)) is invertible modulo compact operators if an only if its image in C 0 (S * Γ φ (X)) × ∂X Ψ 0 (∂Γ φ ) is invertible. This last condition is equivalent to the double condition of ellipticity for the operator and inversibility for its bounday restriction.
In particular we get the property stated in the first part of [MR05] : an operator of φ-calculus is totally elliptic when its symbol and the normal operator N φ = ∂ are jointly invertible, and the operator is Fredholm if and only if it is totally elliptic.
The holonomy groupoid of manifolds with fibred corners
In section 2 we constructed the puff groupoid G V F of a foliated submanifold (V, F ) of codimension 1 in M. The module F M of vector fields tangent to F on V defines a singular foliation on M. We prove here that G V F is the holonomy groupoid
For that purpose we show the groupoid G V F integrates the Lie algebroid A F M of F M and satisfies the minimality condition defining the groupoid Hol(M, F M ). Notations from section 3.1.1 are reused.
5.1. The singular foliation of a fibred boundary. Consider the Lie algebroid A F M = T M with anchor map p defined over each N i by:
, and by the identity over T (M \ N ).
A F M defines a foliation (M, F M ) with this map (remark 1.3). Let recall that a foliation is almost regular when it is defined by a Lie algebroid with anchor map injective over a dense open set. The immediate surjectivity of the map (t, λ) → (t, tλ) for t = 0, and thus that of the anchor map of A F M over M \ V implies the leaves of this foliation are M \ V and the leaves of F . The groupoid G V F integrates this space of leaves and one can ask if it is the only one. The following property answers that question.
A Lie algebroid A is said extremal for the foliation F if for any other Lie algebroid A ′ defining F , there exists a Lie algebroid morphism from A ′ to A . When the foliation F is almost regular, the extremality of A is equivalent ( [Deb01] ) to the existence of a unique "minimal" groupoid G integrating A , in the sense that for any other Lie groupoid H defining F there exists a differentiable morphism of groupoids from H to G. In that sense G V F can be defined as the "smallest" Lie groupoid defining F . Indeed: Proposition 5.2. A F M is extremal for (M, F M ).
Demonstration. It is sufficient to show that the anchor map p of A F M induces an isomorphism between Γ(A F M ), the vector space of local sections of A F M and Γ(T F M ), the vector space of local vector fields tangent to F M . The condition over M \ V immediately results from the bijectivity of the anchor map p |M\V . The condition over V is obtained from the Taylor series development of a vector field tangent on V to the leaves of the foliation F . If x i , y i , t denote local coordinates associated to the directions respectively defined by T F i , N i and T t (R), a vector field ξ ∈ F M will be locally generated by the free family t Corollary 5.6. G V F is a quasi-graphoid.
Demonstration. It is immediate to check that the isotropy of G V F is trivial over M • . G V F being s-connected and semi-regular (lemma 5.4), it is a quasi-graphoid from proposition 5.5.
Proposition 5.7. G V F is the holonomy groupoid Hol(M, F M ) of (M, F M ).
Demonstration. Let A and B be the atlas introduced in 3.1.4 to describe the differential structure of G V F . A = {(Ω 
The composition law on D ϕ is given by the product of the law composition on D ϕ and the multiplicative action of R * + on R. Therefore A D ϕ = A 1 ⊕ N ⊕ T R and the anchor map p ϕ of A D ϕ is obtained as:
→ (p 2 (v 1 + tv 2 ), (t, t · exp λ))
The isomorphism di Finally we get as a corollary a similar interpretation for the groupoid of a manifold with fibred corners:
Corollary 5.8. Let X be a manifold with fibred corners defined by a fibred decoupage E φ = (M, (V i , φ i ) i∈I ). Let F M be the module of vector fields tangent to the fibrations of each face. Then G E φ is the holonomy groupoid Hol(M, F M ) of (M, F M ).
Demonstration. Let Hol(M, F M ) be the holonomy groupoid of (M, F M ). From previous proposition 5.7, for i, j ∈ I the minimality of G V iφ and G V jφ implies the existence of morphisms p i and p j such that the following diagram commutes:
From the universal property of the fibered product G E φ there thus exists a morphism of groupoids u : Hol(M, F M ) → G E φ . The minimality of Hol(M, F M ) then implies u to be an isomorphism and G E φ ≃ Hol(M, F M ) is the holonomy groupoid of (M, F M ).
The groupoid Γ φ (X) of a manifold with fibred corners has therefore a natural geometric meaning as a singular foliation holonomy groupoid, its construction is independent of any particular description. It is an explicit example of a singular leaf space in the sense of [AS06] . This result allows the conceptual interpretation of φ-calculus as the pseudodifferential calculus associated with the holonomy groupoid of the singular foliation defined by the manifold with fibred corners.
